A shock-capturing numerical scheme for a non-conservative self-organized
hydrodynamics model

INE Nantes
W7 Université

r Marie Compainl, Christophe Berthon! Anais Crestetto?

Laboratoire de Mathématiques Jean Leray - Nantes Université

This work is devoted to the numerical approximation of the weak solutions The viscous SOH system [1] recasts under the form of (4) where
of the Self-Organized Hydrodynamics (SOH) model, defined in 1D as 0 cosf) —psinf 10 0 0
follows : w =1, Alw)= sin 6 Do(w) = | 1|, and Di(w) = | 5.
0 A c cos 0 0 5 0p
Orp + Ox(pu) = 0, (1a) ’ i
p(Oru + cudeu) + M1 — u?)Oxp = 0, (1b) Generalized Rankine-Hugoniot conditions For o # cos ), let us intro-
p(Osv + cudyv) — Auvdyp = 0, (1c) duce oy st
Viz+v2=1 1d G (o) = ° +ccos cos—o 7
(1d) 7(0) (cosh— o (7)

This system models a collective self-organized motion where p > 0 is the
density of individuals, Q = (u, v)’ the speed of the flow, and 0 < ¢ < 1 and
A > 0 two given constants. These behaviours can be observed in nature as in-
sect swarms, fish schools or bird flocks for example.

Given two initial states w;, wg € D = R* x (—m, 7] and a wave speed o,
suppose that :

(a) w, wg and o verify

—o(pr — pr) + (prcosr — pycos b)) =0, (8a)
G,(0r) — G,(6,) = 0. (8b)
The SOH model (1) is hyperbolic and n?n-conservative. | (b) if 6, < Og, for all 6 € (61,0%), G,(0) — G,(6;) > 0,
Shock wave solutions are not well-defined. — They are defined as limits if 0, > g, for all 8 € (0r, 0;), G,(9) — G,(6;) <O.
of traveling waves solutions of the viscous SOH model [1]. () for all @ between 6, and O, cosf # o.
Non-conservative schemes are claimed to converge to wrong solutions. Then w; and wr define a shock wave of speed o compatible with the SOH
= P [T T viscous model.
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| : L We use the following approximate Riemann solver :
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Figure — Stationnary shock at 7 =5 with 5000 cells. In blue : exact solution. In orange : oL o .
relaxation method [2]. In green : Godunov-type scheme without viscous term. Figure — lllustration of the approximate Riemann solver.
A viscous correction is added to the Godunov-type scheme. where w* is the intermediate state determined such that :
1 /AQX (X ] 1 /A2X ex[ X d
P WR | W, WRdX = [ A W | Wy, WR| dX,
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For regular and shock wave solutions, the SOH model (1) satisfies the geome- wg' is the exact Riemann solver and 11 = max(|p+(01)|, [1+(0r)]).
tric constaint as long as the initial velocity is well-prepared, i.e. Qy € S'. The approximate Riemann solver is used at each interface of the mesh.
Considering the change of variable Q = (cosf,sin8)’, the SOH model (1) re- 1
casts as
Oip + Ox(pcosf) = 0, (2a) ; / .
0,0 + 8X(Csin 9) _ )\Sln anp = 0, (2b) Figure — Juxtaposition of Riemann solvers.
0
Godunov-type scheme
n+1 n At F(w" n F(w" n 1
We consider a non-conservative hyperbolic PDE system defined as follows Wi Wi T A (W', witg) = FwWily, wi') + (a,-_% T ai+§) ’
Orw + A(w)o,w = 0. (3) where
1 _ K _
lts associated viscous model with a rescaling reads : f(w, wg) = [2(/0L (Cos %L + PR CQOS)QR)H(QQ(IORQ )PL)]
’ s(sin @ + sin — —
Dew® + A(W)Dw® = £Do(w?)dy(D1(w)Dw?), (4) A
and a;p = sinf :
where € > 0 and ¢ — 0. LR A\ prLR('OR — 1)
Definition Traveling waves are solutions of (4) defined as follows
X —o0t
wo(x,t) = w J , (5)
£
where o is the wave Speed and Idea : ShOCk Waves are defiHEd thanks to the phySical ViSCOSity Of the SOH
im W(€) = w,and lim W(E) = wg. (6) model —> this viscosity is discretized and added to the Godunov-type scheme.
§——00 §—+00 The scheme on 6 then becomes
: : : : : : n+1 n At 0. ..n .n O(. n n 1 6 6
A shock wave w solution of (3) compatible with the viscosity (Dy, D;) is 0" =0 Ay Fo(w, wi ) — F(w {,w) + . (a,-_% + a,ﬁ)
the limit when ¢ — 0 of a traveling wave W solution of (4). v n
— QHLLV H i T Qphys Viphys i
] K where Vj;, ; is the natural viscosity of the Godunov-type scheme and
ohys.i 1S @ discretization of the physical viscosity of the viscous SOH model.

Figure — Viscous profile of a shock.
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